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1 INTRODUCTION 



Modified Gravity (MOG; lMoffatl (|2006l )1 is a fully relativistic 
theory of gravitation that is based on postulating the exis- 
tence of a massive vector field, <^ M . The choice of a massive 
vector field is motivated by our desire to introduce a repul- 
sive modification of the law of gravitation at short range. 
The vector field is coupled universally to matter. The the- 
ory, therefore, has three constants: in addition to the gravi- 
tational constant G, we must also consider the coupling con- 
stant u> that determines the coupling strength between the 
(jifj, field and matter, and a further constant fi that arises as 
a result of considering a vector field of non-zero mass that 
controls the coupling range. The theory promotes G, uj, and 
fi to scalar fields, hence they are allowed to run with distance 
or energy. 

MOG is consistent wit h observation ranging from the 
scale of the solar system (IMoffat fe Tothl [2009ah to glob- 
ular clusters dMoffat fc Tothl 120081). galaxy rotation curves 
(iMoffatJ 12004 iBrownstein fc Moffat] l2006bl: IMoffat fc Tothl 
2009a), galaxy cluster masses (|Brownstein fc Mof fat 2006a), 
gravitational lensing (IMoffat fc Tothl l2009bl) of the Bullet 
Cluster 1E0657-558 (|Brownstein fc Moffatl I2007T ), and cos- 
mological observations l|Moffat fc Tothl l2007h . without free 

parameters. 

General relativity satisfies Birkhoff 's theorem (|Birkhofj 

1923). The metric inside an empty spherical cavity in the 
center of a spherically symmetric system is the Minkowski 
metric l|Weinberelll972h . Distant matter does not influence 
the equations of motion of particles within the spherical cav- 
ity. Thi s is th e basic difficulty of attempts, such as that of 
ISciamal l|l953h . to deduce Mach's principle from the postu- 
lates of general relativity. That Mach's principle and gen- 
eral relativity ma y not be com patible with each other is also 
demonstrated bv lBransI (|l962l ). 
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In contrast, MOG is known to violate Birkhoff's the- 
orem. Inside a spherically symmetric shell of matter, the 
MOG force is non-zero. In the present paper, we investigate 
the consequences of this fact. 



2 THE LAW OF INERTIA 

We investigate MOG in the weak-field approximation, in the 
case of a spherically symmetric, homogeneous shell of density 
p, inner radius Ri and outer radius R2, with a test particle 
of mass m located at z, at distance z from the shell's cen- 
ter (Figure [1]). We parameterize a point r on the shell using 
spherical coordinates r, 9, and 4>, where 8 is the angle be- 
tween the line connecting a point in the shell with the center 
of the shell, and the line connecting the test particle to the 
center of the shell, and 4> is the angle of rotation in a plane 
perpendicular to the line connecting the test particle to the 
center of the shell, relative to a preferred direction. 

The distance I between a point in the shell and the test 
particle can be written as 



1 2 i2 2.2 

r — z = Z — z + r 



2rz cos ( 



(1) 



In the Newtonian case, the gravitational force obeys the in- 
verse square law. The gravitational force on the test particle 
can therefore be written as 



F = 



Gpm(r — z) 



dV, 



(2) 



where G = Gjv is Newton's constant, dV denotes a volume 
element inside the shell, and the integration is carried out 
over the entire volume of the shell. The volume element can 
be expressed using coordinates as 



dV 



■ sin 9 dr d9 



(3) 
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Figure 1. Parameterizing a thin spherical shell and a test particle 
within. 



Because of spherical symmetry, components of F per- 
pendicular to the line connecting the test particle and the 
center of the shell vanish. The component parallel to this 
line, which we denote with Fo, can be calculated using the 
projection coefficient (r cos 9 — z)/l: 



Fo 



Gn pmr 2 (r cos 8 — z) sin 



dr dd d4>. (4) 



Bi 

This integral evaluates to 

'o 



F = { A-nG N pm{R{ - z 3 )/3z 2 
AnG N pm(Rl ~ R 2 )/3z 2 



z < Ri 

Ri sC z < R 2 

R 2 < z. 



(5) 



In the weak-field approximation, the MOG acceleration 
law can be written as Newton's law of gravity with an ef- 
fective gravitational constant that incorporates a repulsive 
Yukawa tcrn{]]: 



G — Go 



1+a 



(i + mO' 



- fit 



(6) 



where a controls the strength of the Yukawa contribution, 
and p is a range parameter. In the following we use only this 
weak field approximation. Therefore, our conclusions may 
be applicable to theories other than MOG, so long as in 
the weak field approximation, they also yield a Yukawa-like 
modification of gravity. 

In the cosmological context, the coefficient p is set to 
the reciprocal of the horizon scale c/Ho, where c is the speed 
of light and Ho is Hubble's constant: 



M = 



Ho 



(7) 



which yields good agreemen t with key cosmological observa- 
tions ((Moffat ; fc Totbll2007r ). 

In the case of a spherical volume of uniform mass density 
and radius R, after evaluating @, the gravitational force in 



1 Setting G 
in the limit I 



= (1 + «)Gjv w e recove r New ton's law of gravity 
0, as shown bv lMoffatl [|2006h . 



the interior and the exterior, denoted by Fi and F 2 , respec- 
tively, are written as 



Fi{R,z) = -TvG^pm ( - 

1 6 1 + a 



(8) 



(p.R + 1) [(nz + l)e- fl(fl + 2) + (pz - l)e-^ R -^] 



F 2 (R,z) = —nGoopm 



p?z 2 



3z 2 



2a 
1 + a 



(9) 



Qiz + 1) [<jiR + l)e-^ +R ~> + {pR - l)e-» 



(z-R) 



The gravitational force inside, within, and outside a spher- 
ical shell of inner radius Ri and outer radius R 2 can be 
written as 



Fi(R 2 ,z)-F 1 (R 1 ,z) z<R! 
/•;, = < Fi(R 2 ,z) -F 2 (Ri,z) R!^z <R 2 
F 2 (R 2 ,z)- F 2 (Ri,z) R 2 ^z. 



(10) 



In particular, Fi(R 2 , z) — Fi(Ri, z) is nonvanishing; the 
net force in the interior of a spherically symmetric shell is 
not zero. 

For an infinitesimally thin shell, we can write: 



dF = lim [F 1 (R 2 ,z)-F 1 (Ri,z)} : 

f?2— ►Hi 



T{R,z) 



dF 
dR 



lim 



F 1 {R 2 ,z)-F 1 {R 1 ,z) 



R 2 - Ri 



(11) 



(12) 



Rx=R 



We imagine a test particle that is surrounded by an infi- 
nite series of infinitesimally thin concentric shells of matter. 
Located at the center of the shells, the test particle experi- 
ences no net force. We now bring the particle into motion 
with velocity v, and the shells are dragged along. However, 
because of the finite propagation velocity of the gravitational 
interaction, the shells will no longer appear concentric as 
viewed from the vantage point of the moving particle. There- 
fore, a force will act on the particle. This force can be calcu- 
lated by integrating the displacement of the particle relative 
to each of the concentric shells while taking into account the 
particle's motion: 



F(z,v) 



T R 



cz + vR 
c + v 



dR. 



(13) 



This expression allows us to calculate the displacement z 
associated with velocity v at which forces are in equilibrium 
and the net force acting on the particle is zero, by solving 
the equation 



F(z,v) = 



(14) 



for z. This equation is difficult to solve exactly, but for non- 
relativistic velocities, it yields 



pc 

Differentiating this equation with respect to t gives 
dz 2 dv 2 



dt 



pc dt 



pc 



(15) 



(16) 
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The value dz/dt is a velocity, specifically the velocity 
with which the equilibrium location moves relative to the 
accelerating particle. 

Assuming that the particle remains in equilibrium, we 
substitute (|16p back into equation (|13[) . to get 

irGcapm a 



v ; z-o V dt J 



2y?c 2 1 + a 



(17) 



( M c 2 + 2a) 2 [ M c 2 log (l + fa) 



4a £££+§£. 



When a >fic , this expression can be simplified. In particu- 
lar, the linear term inside the square brackets will dominate 
over the logarithmic term, which can therefore be omitted. 
We are left with 

4(pc 2 + 2a) 3 



F(a) 



2fi 2 c 2 1 + a a([ic 2 + 4a) 

A-kGooP a 

5 — 5 — ^ — i — ma - 



(18) 



Given that Goo = (a + 1)Gjv and having assumed /ic = 
Ho 0, we can rewrite equation (|18[) as 



(19) 



where Qm = p/pait represents the matter content (associ- 
ated with p) of the universe, while p cr it = 3Hq /8ttGn is the 
critical density. 

Given Qm — 0.05 (assuming no exotic dark matter, an 
assumption that is consistent with cosmological observat ions 
when using the MOG cosmology (| Moffat fc Tothll2007l )). if 
we use a ~ 13.3, we get 



F(a) 



(20) 



This is formally identical to Newton's law of inertia. In New- 
ton's theory, the force 



F 



(21) 



accelerating the particle with acceleration a is counteracted 
by an inertial force Fi of equal magnitude: 



Ft 



such that the sum of the two is zero, 



(22) 



Fj + F = 0, (23) 

i n acc ordance with the principle set forth by Id'Alemberd 
(|l743h . 

In our case, we made no a priori assumption about the 
existence of inertia, but we recovered a force F(a) acting on a 
particle due to the presence of distant matter that plays the 
same role as d'Alembert's inertial force Fi. The force F(a) 
arose as a result of the influence of distant matter in the 
universe on the test particle, off ering an effective realization 
of Mach's principle (IMachll 18831 ). 

We must emphasize that this law was recovered, in the 
weak field approximation of our modified gravity, from the 
gravitational acceleration alone; inertia was not postulated 
either explicitly or implicitly. 

The mass m on the right-hand side of equation (I20|l is 
the passive gravitational mass, characterizing how an object 
responds to an external gravitational field. We can also de- 
fine the inertial mass of an object as 

F(a) 



mi = — 



(24) 
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Figure 2. Does MOG violate the weak equivalence principle 
for very small accelerations? The horizontal axis in this plot 
is acceleration, measured in units of the "cosmic acceleration" 
cHo ~ 7 X 10~ 10 m/s 2 . The vertical axis shows the difference 
between inertial mass mj = —F(a)/a and passive gravitational 
mass m, as predicted by equation dlTI . 



E < 1 V/m 




g = QE/m m/s 



> 



Q = \Q- n C 
m = 10~ 3 kg 



Figure 3. Schematic of a simple experiment that can be used 
to verify the validity of the force law F = ma for very small 
accelerations. With the values presented here, a measurement of 
a deflection of ~ 1.8 mm over the course of ten minutes with an 
accuracy better than ~10% is required, in order to measure the 
deficit in inertial mass. A smaller acceleration (corresponding to 
E ~ 0.01 V/m) could be used to measure an excess in inertial 
mass of up to ~30%. 



The equivalence of the passive gravitational and inertial 
mass is often referred to as the weak equivalence principle. 

For very small accelerations (a cHo), the approxi- 
mation that led to equation (|20l) no longer applies. Instead, 
we can use log (1 + x) = x — x' 2 /2 + x 3 /3 + 0(x 4 ) (we need 
to expand to x 3 , as the first two terms are canceled out in 
equation |TTJ) , to get 



F(a) ~ - 



IGttGooP a 



3p 2 



1 + a 



--ma. 



(25) 



This is a profound result: we are, in fact, predicting a 
small violation of the weak equivalence principle for accel- 
erations a ~ cHo (see Fig. [2]) This is a testable prediction, 
especially in view of the fact that the acceleration a in equa- 
tion (I17[) does not need to be gravitational in origin. 



3 DISCUSSION 

Fig. E3 depicts schematically a simple experiment that could 
be used to verify the validity of Newton's law of inertia 
at very small accelerations. The values of masses, lengths, 
time scales, and charges are not extreme in nature. In- 
deed, an experiment of thi s nature was performed^ in 1986 
ramovici fc Vagerl 19861 ). and confirmed Newton's second 



2 We thank Dr. Ignacio Trujillo from the Instituto de Astrofsica 
de Canarias for bringing this paper to our attention. 
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law at accelerations as low as ~ 3 x 10 -11 m/s 2 . However, 
this experiment was performed on the surface of the Earth. 

Our predicted deviation from Newton's second law takes 
place when the acceleration of the test mass is very small 
relative to the distant stars, to borrow Mach's famous no- 
tion. This does not necessarily imply an inertial system; for 
instance, a particle in orbit around the Earth or the Sun 
is continuously accelerating with respect to the cosmic mi- 
crowave background (CMB) even though it is in geodesic 
motion. Therefore, we believe that the experiment depicted 
in Fig. [3]must be performed in a space-based laboratory that 
maintains uniform velocity with respect to the CMB through 
the use of thrusters. On the other hand, the experiment does 
not need to rely on exotic technologies, long flight duration, 
or a flight into deep space, far from the Sun, utilizing costly 
deep space communication and a nuclear power source. 

To compensate for accelerations relative to the CMB, 
one must take into account the acceleration relative to the 
Sun, and the solar system's acceleration relative to the CMB. 
The dominant term in the latter is acceleration toward 
the galactic center, which can be computed from the pa- 
rameters of the Sun's galactic orbit. If this acceleration is 
accounted for, any residual acceleration is probably small 
enough so that we are already in the regime where (|25[) ap- 
plies. Nonetheless, additional corrections are obtained when 
one considers the acceleration of the galactic center relative 
to the CMB. This estimate could proceed in steps, first by es- 
timating the acceleration of the galactic center toward M31, 
and then estimating the acceleration of the Local Group rel- 
ative to the CMrfl 

An intriguin g alternat i ve to a space-based experiment 
was proposed by llgnatievl (|2007T l. who noted that specific 
terrestrial locations at high latitude twice yearly experience 
brief periods of near zero acceleration relative to the galactic 
center. This may permit Earth-based tests of effects that are 
predicted to occur in frames that are not accelerating relative 
to the galactic center or the CMB. 
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